Let GB(n, d) be the set of bipartite graphs with order n and diameter d. This paper characterizes the extremal graph with the maximal spectral radius in GB(n, d). Furthermore, the maximal spectral radius is a decreasing function on d. At last, bipartite graphs with the second largest spectral radius are determined.
Introduction
All graphs considered here are connected and simple. The distance between vertices u and v is denoted by d (u, v) . The diameter of a graph is the maximal distance between any two vertices. Denote by V (G) and E(G) the vertex set and edge set of a graph G, respectively.
For S ⊆ V (G), let G[S] be the subgraph induced by S. The set of the neighbors of a vertex v is denoted by N G (v).
Let A(G) be the adjacency matrix of a graph G. The spectral radius, ρ(G), of G is the largest eigenvalue of A(G). The Perron vector X = {x v 1 , x v 2 , . . . , x vn } is the non-negative unit eigenvector corresponding to ρ(G), where x v i corresponds to vertex v i . By the Perron-Frobenius theorem, Perron vector is a positive vector for a connected graph. Denote by P(G) (or P(G, λ)) the characteristic polynomial of a graph G. Let K s,t − e be the graph obtained from complete bipartite graph K s,t by deleting an edge e. It is known that P(K s,t ) = λ s+t−2 (λ 2 − st) and P (K s,t 
The investigation on the spectral radius of graphs is an important topic in the theory of graph spectra. The problem concerning graphs with the maximal (minimal, respectively) spectral radius of a given class of graphs has been studied extensively (see [1, [3] [4] [5] [6] [7] ). Recently, for given order n and diameter d, Guo and Shao [3] determined trees with the first d 2 − 1 spectral radii; Liu et al. [5] characterized unicyclic graphs with the maximal spectral radius; Van Dam [6] characterized general graphs with the maximal spectral radius. This paper focuses on bipartite graphs. Let GB n,d be the set of bipartite graphs with order n and
· 1 has the maximal spectral radius in GB n,d , where
consecutive V i 's with one vertex. Furthermore, the spectral radius of
has the maximal spectral radius among all bipartite graphs on n vertices. By the result above, bipartite graphs with the second largest spectral radius are determined.
Characterization of graphs with the maximal spectral radius
Let G be a graph in GB n,d . Clearly there exists a partition 
And hence there is a closed walk of length 2k + 1 in bipartite graph G, a contradiction.
Lemma 2.2. Let G ∈ GB n,d with the maximal spectral radius, then G[V i−1 ∪ V i ] induces a complete bipar-
tite subgraph for each i ∈ {1, 2, . . . , d}, and
Proof. It is known [2] that the increase of any element of a irreducible non-negative matrix increases the spectral radius. Since A(G) is irreducible, the first conclusion is clear. Now let d 3, x ∈ V d and Proof. The case d 2 is trivial. Now let d 3 and X be the Perron vector of G. We observe that x u = x v for any two vertices u and v within the same partition set, since they have the same neighbors. Thus we can let x i correspond to vertices in V i (0 i d). Suppose that |V i |, |V j | 2 with |i − j| 2. We can assume without loss of generality that x i x j . Select a vertex u ∈ V j and let G be the graph obtained by deleting all edges incident to u and joining u with each vertex in
Let G ∈ GB n,d have the maximal spectral radius. Let V a and V a+1 have the maximal sizes among all partition sets of G. By the above lemmas, each of other partition sets contains exactly one vertex and any two consecutive partition sets induce a complete bipartite subgraph. Thus we can denote G by Fig. 1 ). The following is our main theorem.
· 1 is the unique graph with the maximal spectral radius in GB n,d .
To obtain the extremal graph 
Lemma 2.5 [4]. Let G and H be two connected graphs such that P(G) > P(H) for λ ρ(H), then ρ(H) > ρ(G).
Proof. Use induction on n and assume that f (n) > f (n − 1) for n k. That is,
Hence − u) for any graph G with pendent vertex v and its neighbor u, then
and
Therefore,
for k 2. Moreover,
Thus f (1) > 0 and
(ii) Next prove that s t while a b. It suffices to consider the case a = b + 1. According to (1) ,
with the maximal spectral radius, then |s − t| 1.
Proof. The case d = 2 is trivial. Now let d 3, then max{a, b} > 1, and by Lemma 2.2, b 1. Suppose that |s − t| 2 (say, s t + 2), then by Lemma 2.7, either a = b or a = b + 1. Note that for a 2, g(a, b) = P(G[a · 1, s, t, b · 1]) − P(G[a · 1, s − 1, t + 1, b · 1]), then g(a, b) = λg(a − 1, b) − g(a − 2, b) . Next we have to show g(a, b) > 0 for λ ρ(G[a · 1, s − 1, t + 1, b · 1] ). For λ 2 and b 1, g(1, b) and g(1, b) − g(0, b) are both positive.
Claim 1.
Since 
By virtue of Lemmas 2.7 and 2.8, Theorem 2.4 holds. In fact, the proofs of Lemmas 2.7 and 2.8 give a more general result. That is, for any graph
Ordering extremal graphs according to diameter
Clearly, the extremal graph
· 1 is isomorphic to the path
It is known that, among all connected bipartite graphs on n vertices, P n has the minimal spectral radius and K n − 2, b) for a 3. Now we give the following claim. Its proof is similar to the one of Claim 1 and therefore the details are omitted here.
